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Toroidal order, given by a composite of electric and magnetic orders, manifests itself not only
in the peculiar magnetism but also in anomalous transport and magnetoelectric effect. We report
our theoretical results on the influence and stability of a toroidal order in metals on the basis of a
microscopic model. We consider an effective single-band Hubbard-type model with a site-dependent
antisymmetric spin-orbit coupling, which is derived from a four-band tight-binding model including
the atomic spin-orbit coupling, off-site hybridizations between orbitals with different parities, and
odd-parity crystalline electric field. For this single-band model on a layered honeycomb lattice, we
investigate the electronic structure, magnetotransport, and magnetoelectric effect in the toroidal
ordered state with a vortex-like magnetic structure. The ferroic order of the microscopic toroidal
moments acts as an effective gauge field for electrons, which modulates the electronic band struc-
ture with a shift of the band bottom in the momentum space. In addition, the site-dependent
antisymmetric spin-orbit coupling gives rise to highly anisotropic Hall responses. The most salient
feature is two different types of magnetoelectric responses: one is a magnetic order with net toroidal
magnetization induced by an electric current perpendicular to the planes, and the other is a uni-
form transverse magnetization induced by an electric current within the planes. We examine the
ground state of the effective model by the mean-field approximation, and show that the toroidal
order is stabilized by strong electron correlations at low electron density. We also discuss the tem-
perature dependence of the magnetoelectric effects associated with spontaneous toroidal ordering.
Implications to experiments are also presented.
PACS numbers: 71.10.Fd, 75.10.-b, 75.10.Lp, 75.70.Tj
I. INTRODUCTION
Magnetoelectric effect, which is a consequence of the
interplay between electric and magnetic properties of
electrons first proposed by Curie1, has long been stud-
ied extensively in condensed matter physics2–4. It is an
intriguing phenomenon where the magnetization is in-
duced by an electric field and the electric polarization is
induced by a magnetic field. Recently, it has attracted
renewed interest since the discovery of multiferroic mate-
rials showing large magnetoelectric responses5–7. In these
magnetic insulators, both spatial-inversion and time-
reversal symmetries are broken by a spontaneous mag-
netic order, yielding simultaneously a uniform electric
polarization and a magnetization8–11. Such multiferroic
materials have been intensively studied not only from the
viewpoint of fundamental physics but also for potential
applications to multifunctional devices12–16.
A toroidal order is one of the states of matter show-
ing such cross-correlations between electric and magnetic
responses. A toroidal moment, which is represented by
a vector product of electric and magnetic moments, was
originally introduced as an anapole moment in the con-
text of parity violation by weak interactions17. Recently,
a toroidal order, a periodic array of toroidal moments
in crystals, has gained interest because it leads to exotic
phenomena, such as a diamagnetic anomaly and nonre-
ciprocal directional dichroism18–24, in addition to ordi-
nary magnetoelectric effects.
There are several multiferroic materials which ex-
hibit toroidal orders. For instance, Cr2O3 shows a
toroidal order in the spin-flop phase under strong mag-
netic field25,26. In the magnetic piezoelectric material
GaFeO3, a ferroic toroidal order was detected by reso-
nant magnetoelectric X-ray scattering27. LiCoPO4 ex-
hibits a large linear magnetoelectric effect, and the co-
existence of ferrotoroidic and antiferromagnetic domains
was observed by optical second harmonic generation28.
Ba2CoGe2O7 gives rise to a spontaneous toroidal order
due to single-ion effects29. These findings are thus far
restricted to insulators.
Toroidal orders can exist also in metallic systems de-
spite the absence of a macroscopic polarization. Their
influences on electronic and magnetoelectric properties
can be more interesting than in insulators owing to the
conducting nature. For instance, recently, an antiferro-
magnetic metal on a zigzag lattice, which accommodates
a toroidal order, was shown to exhibit an interesting mag-
netoelectric response30. Nonetheless, toroidal orders in
metals have not been studied intensively, in particular,
from the microscopic point of view. For further stimulat-
ing experiments on toroidal ordered systems, it is desired
to systematically study how toroidal orders affect the
electronic structure, transport properties, and magneto-
electric effects. It is also important to examine the stabil-
ity of toroidal orders and to clarify the finite-temperature
behavior associated with spontaneous toroidal ordering.
In the present study, we investigate a microscopic
model in order to clarify the effect of toroidal ordering in
metals. In particular, we examine the effect of sponta-
neous ferroic ordering of toroidal moments with a focus
on the lattice structures on which the spatial-inversion
symmetry is preserved globally but broken intrinsically
2at each magnetic site. We consider a low-energy effec-
tive single-band model for a minimal four-band tight-
binding model. The site-dependent antisymmetric spin-
orbit coupling in the effective model is derived from the
atomic spin-orbit coupling, off-site hybridization between
orbitals with different parities, and odd-parity crystalline
electric field together with electron-electron interactions.
As a typical example, we study the effect of a toroidal
order triggered by a vortex-like magnetic order in the ef-
fective model on a layered honeycomb lattice. The ferroic
ordering of microscopic toroidal moments acts as an effec-
tive gauge field, which leads to modulations of the band
dispersions with a shift of the band bottom from the Γ
point. We find that the toroidal magnetic order plays an
important role in the anisotropic magnetotransport and
the magnetoelectric effects depending on the direction of
the applied electric current. In particular, we elucidate
that an out-of-plane electric current induces a vortex-like
magnetic order, while an in-plane current yields a trans-
verse uniform magnetization in the plane by canting the
underlying vortex-like magnetic order. We discuss such
effects from a symmetry point of view. We also pro-
vide some implications to experiments for toroidal met-
als. Although the qualitatively similar results were ob-
tained for a related model in the previous study30, the
present work provides a comprehensive analysis focus-
ing on the toroidal ordering. Moreover, investigating the
model by a mean-field approximation, we find that such
a ferroic toroidal order appears at low temperatures in a
wide range of strongly-correlated regions for low electron
density. We also show that temperature dependence of
the anomalous magnetoelectric responses. We find that
the longitudinal toroidal response to the current exhibits
a broad peak around the critical temperature with a kink
at the transition, while the transverse uniform magneti-
zation induced by the current shows order-parameter like
behavior.
The organization of this paper is as follows. In Sec. II,
we give a brief review on the microscopic definition and
the symmetry analysis of toroidal moments. In Sec. III,
we investigate the influence of toroidal ordering in met-
als. After introducing the lattice structures with local
inversion symmetry breaking in Sec. III A, we present a
low-energy effective Hamiltonian in Sec. III B. We show
how the toroidal order affects the electronic structure,
anisotropic magnetotransport, and magnetoelectric ef-
fects in Secs. III C, III D, and III E, respectively. In
Sec. IV, we examine the stability of the toroidal mag-
netic order at the level of mean-field approximation. The
results for the ground state and the finite-temperature
properties are presented in Secs. IVA and IVB, respec-
tively. Section V is devoted to a summary of the present
paper.
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FIG. 1. (Color online) Schematic picture of the toroidal
moment, which is defined by a vector product of the position
from inversion center and the magnetic moment. See Eq. (3).
II. TOROIDAL MOMENT
In this section, we introduce the toroidal moment from
both microscopic and macroscopic points of view. Al-
though these arguments were already given in the litera-
tures, e.g., in Ref. 22, we give a brief summary for making
the present paper self-contained and for understanding
the microscopic results in the following sections.
First, we discuss a microscopic origin of the toroidal
moment. In general, magnetic and toroidal multipoles
appear in the multipole expansion of an electromagnetic
vector potential,
A =
∑
lm
√
4π(l + 1)
2l + 1
1
rl+1
×
(
i√
l
MlmY
l
lm −
√
2l+ 1
r
TlmY
l+1
lm
)
, (1)
where Y l
′
lm is vector spherical harmonics
31–33; l and m
are the azimuthal and magnetic quantum numbers, re-
spectively, and l′ = l, l ± 1. Y l′lm has parity (−1)l
′
under
spatial inversion. Since A is a polar vector with time-
reversal odd, Mlm in the first term of Eq. (1) represents
the magnetic multipoles (axial tensor) and Tlm in the sec-
ond term the toroidal multipoles (polar tensor). Thus,
the even-rank tensor Mlm and the odd-rank tensor Tlm
become active only when both spatial-inversion and time-
reversal symmetries are broken. The toroidal moment t
appears in the lowest-rank (l = 1) contribution in the
latter term18,34,35, which is written in the form
t =
1
6c
∑
i
ri × (ri × ji). (2)
Here, ri and ji are the position vector and the classical
circular electric current at ri, respectively. When there is
an internal magnetic field by spins instead of the electric
current, the toroidal moment is expressed in terms of the
localized spin Si as
t =
gµB
2
∑
i
ri × Si, (3)
3where g is the Lande´ g-factor and µB is the Bohr magne-
ton. This definition indicates that the toroidal moment
is represented by the sum of vector products of the posi-
tion vector and localized spin, as schematically shown in
Fig. 1. We note that there is an ambiguity in the defini-
tions in Eqs. (2) and (3) depending on the choice of the
origin for ri
22.
The toroidal moment t appears in the Hamiltonian un-
der an inhomogeneous magnetic field H(r): the Hamil-
tonian can be expanded at some point r = 0 in terms of
field gradients as
Hext =−m ·H(0)− t · [∇×H ]r=0
− qµν(∂µHν + ∂νHµ)r=0 + · · · , (4)
wherem and qµν are the magnetic dipole and quadrupole
moments, respectively (µ, ν = x, y, z). The repeated
greek indices are implicitly summed over hereafter.
Equation (4) indicates that the toroidal moment t cou-
ples to the curl of magnetic field, that is, the electric
current.
Next, we describe macroscopic responses of the
toroidal moment to electromagnetic fields3,34. Let us
consider an expansion of the free energy with respect to
the electric field E and the magnetic field H up to the
second order, which is given by
F (E,H) = F0 − εµνEµEν
8π
− µµνHµHν
8π
− αµνEµHν .
(5)
Here, εµν , µµν , and αµν are the dielectric permittiv-
ity, magnetic permeability, and magnetoelectric tensor,
respectively. αµν in the last term is related to linear
magnetoelectric responses, and it is nonzero only when
both global spatial-inversion and time-reversal symme-
tries are broken. This magnetoelectric contribution can
be divided into three terms:
− a(E ·H)− T · (E ×H)−Qµν(EµHν + EνHµ),(6)
where coefficients of the first, second, and third terms
represent magnetic flux (pseudoscalar), toroidal magneti-
zation T (polar vector), and magnetic quadrupole (sym-
metric traceless pseudotensor). Thus, the antisymmet-
ric components of magnetoelectric tensor αµν correspond
to the toroidal magnetization, which is defined as the
toroidal moment per unit volume.
The linear magnetoelectric effect by toroidal ordering
is understood from Eq. (6)21. Namely, the second term
implies the relations
P ∝ −T ×H , M ∝ T ×E, (7)
where P and M are the electric polarization and mag-
netization, respectively. These indicate that the electric
polarization (magnetization) is induced in the direction
perpendicular to both of the toroidal magnetization and
the magnetic (electric) field.
(b)
(c)(a)
FIG. 2. (Color online) Schematic pictures of lattice
structures with local inversion symmetry breaking: (a) one-
dimensional zigzag chain, (b) honeycomb lattice, and (c) 1/5-
depleted square lattice. Circles indicate the inversion centers,
while triangles represent the lattice sites at which the inver-
sion symmetry is broken.
III. TOROIDAL ORDERING IN METALS
Here, we examine the nature of toroidal ordered states
in crystals. First, we introduce lattice structures with
local inversion symmetry breaking in Sec. III A. Next,
we present a minimal low-energy Hamiltonian including
the effect of the site-dependent antisymmetric spin-orbit
coupling in Sec. III B. By analyzing the effective Hamil-
tonian on a layered honeycomb lattice, we investigate the
influence of toroidal ordering on the electronic structure
in Sec. III C, magnetotransport in Sec. III D, and mag-
netoelectric effect in Sec. III E.
A. Lattices with local inversion symmetry breaking
A minimal ingredient to activate a toroidal moment
is spatial-inversion symmetry breaking at each magnetic
site. In such situation, an odd-parity crystalline electric
field is present at the magnetic sites, which mixes orbitals
with different parities. Such local parity mixing together
with an atomic spin-orbit coupling plays an important
role in realizing toroidal ordering in metals, as we will
see in the following sections.
In order to demonstrate the above scenario, we focus
on the lattice structures in which the inversion symme-
try is broken locally at each site but the global inver-
sion symmetry is preserved at off-site positions. There
are several lattices with such local inversion symmetry
breaking; for instance, a one-dimensional (1D) zigzag
chain [Fig. 2(a)], two-dimensional honeycomb lattice
[Fig. 2(b)], 1/5-depleted square lattice [Fig. 2(c)], and
a three-dimensional (3D) diamond lattice. On these lat-
tices, the spatial-inversion symmetry is broken at the lat-
tice sites (triangles in Fig. 2), although it is preserved at
the centers of bonds or plaquettes (circles).
4B. Effective single-band model
In order to describe origins of essential ingredients for
a minimal tight-binding model, we start from a generic
four-band model with local parity mixing. Following the
procedure given in Appendix A, we obtain the effective
single-band model, which will be examined mainly in the
following sections.
The Hamiltonian for the generic four-band model is
given by
H4−band = Hkin +Hhyb +Ho−CEF +HLS +Hint, (8)
where
Hkin = −
∑
i,j
∑
α=s,px,py,pz
∑
σ
(t˜αij c˜
†
iασ c˜jασ +H.c.), (9)
Hhyb = −
∑
〈i,j〉
∑
α=px,py,pz
∑
σ
(V˜ αij c˜
†
isσ c˜jασ + H.c.), (10)
Ho−CEF =
∑
i
∑
α=px,py,pz
∑
σ
D˜αi (c˜
†
isσ c˜iασ +H.c.), (11)
HLS = λ
2
∑
i
∑
α,β=px,py,pz
∑
σ,σ′
c˜†iασH˜LSc˜iβσ′ , (12)
Hint =
∑
i
∑
αβα′β′
∑
σσ′
Uαβα′β′ c˜
†
iασ c˜
†
iβσ′ c˜iβ′σ′ c˜iα′σ. (13)
Here, c˜†iασ (c˜iασ) is the creation (annihilation) operator
of a conduction electron with orbital α and spin σ at site
i; we consider four orbitals, i.e., “s-type” orbital with
the angular momentum l = 0 (even parity) and three “p-
type” orbitals with l = 1 (odd parity). This is a minimum
set of orbitals for describing the parity mixing. Equa-
tion (9) represents the kinetic energy of conduction elec-
trons; the sum is limited to on-site and nearest-neighbor
sites. The on-site part describes the atomic energy, which
is set as t˜sii = E˜
s and t˜
α=px,py,pz
ii = 0. Equation (10) de-
scribes the off-site hybridization between s and p orbitals;
the sum 〈i, j〉 is taken for the nearest-neighbor sites, and
V˜ αij depends on the p orbital as well as the bond direc-
tion. Equation (11) denotes the odd-parity crystalline
electric field; D˜αi depends on both site and orbital. Note
that D˜αi is nonzero only in the absence of local inver-
sion symmetry, while V˜ αij is always present even with
local inversion symmetry. We note that both V˜ αij and
D˜αi are indispensable to obtain the site-dependent anti-
symmetric spin-orbit coupling in the effective model (see
Appendix A). Equation (12) represents the atomic spin-
orbit coupling for p orbitals with l = 1: H˜LS is the 6× 6
matrix given by
H˜LS =

 0 −iσ
z iσy
iσz 0 −iσx
−iσy iσx 0

 , (14)
where σµ is the µ component of Pauli matrix for spin.
Finally, Eq. (13) is a general form of on-site Coulomb
interactions. Here, we only take account of the in-
traorbital components for simplicity, i.e., Uαβα′β′ =
(U/2)δαβδα′β′δαα′ (δαβ is the Kronecker delta).
We treat the interaction term at the level of a mean-
field approximation to allow magnetic solutions. The
mean-field form is given by
HMFint = −
∑
i
∑
α=s,px,py,pz
M˜αi · s˜αi , (15)
where the mean field M˜αi = 2Um˜
α
i and the magnetic
moment m˜αi = 〈s˜αi 〉 = 〈
∑
σσ′ c˜
†
iασ(σσσ′/2)c˜iασ′〉. We
omit a constant from the mean-field decoupling here and
in Sec. III.
In the present study, we focus on a 3D system com-
posed of weakly-coupled uniform 1D chains running in
the z direction. By several simplifications in the limit of
strong spin-orbit coupling (see Appendix A), we arrive
at an effective single-band model, whose Hamiltonian is
given by
HMF =− t
∑
〈i,j〉
∑
σ
(c†iσcjσ +H.c.)
+ 2
∑
i
(si ×Di)z −
∑
i
Mi · si. (16)
Here, c†iσ (ciσ) is the creation (annihilation) operator
of a conduction electron in the effective single band at
site i and quasispin σ, which distinguishes the time-
reversal pair states; si =
∑
σ,σ′ c
†
iσ(σσσ′/2)ciσ′ . The
first term is the kinetic energy of electrons with a renor-
malized hopping t; we assume the isotropic hopping for
the in-chain and out-of-chain directions for simplicity,
but the anisotropic case gives qualitatively the same re-
sults. Hereafter, we set t = 1. The second term repre-
sents the site-dependent antisymmetric spin-orbit cou-
pling, in which Di is a site-dependent antisymmetric
vector originating from the odd-parity crystalline elec-
tric field D˜αi , off-site hybridization V˜
α
ij , and atomic spin-
orbit coupling λ [see Eq. (A7) in Appendix A]. The third
term in Eq. (16) describes the mean-field form of the
Coulomb interaction between electrons; Mi = 2Umi,
where mi = 〈si〉 is the magnetic moment at site i.
In the following, we consider the model in Eq. (16) on
a stacked honeycomb lattice, as shown in Fig. 3. We take
the lattice constants a = c = 1. Extensions to other lat-
tices with local inversion symmetry breaking are straight-
forward. For the present stacked honeycomb-lattice case,
we assume the presence of Di in a six-sublattice form
with the specific directions in the xy plane, as shown by
the thick arrows in Fig. 3(a). We also assume that the
same patterns of Di are stacked along the z direction.
The form in the six-site sublattice is represented by
Dl = D sin kz
(
cos
π
3
l, sin
π
3
l, 0
)
, (17)
where l is the sublattice index (l = 0, 1, · · · , 5) and D is a
parameter to control the magnitude of the antisymmetric
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FIG. 3. (Color online) (a) Schematic picture of a projec-
tion of the layered honeycomb lattice onto the xy plane. The
thin (blue) arrows show the magnetic pattern assumed in the
toroidal ordered state [Eq. (18)], and the thick (green) arrows
indicate the specific directions of the odd-parity crystalline
electric field [Eq. (17)]. The dashed hexagon represents the
six-sublattice unit cell with the sublattice indices (l = 0, 1,
· · · , 5). a is the lattice constant in the xy plane. (b) Schematic
picture of the layered honeycomb lattice. The red arrows in
the z direction represent the toroidal magnetizations. c is the
lattice constant in the z direction.
spin-orbit coupling. It is worthy noting that the factor
of sin kz always enters into Dl in the quasi-1D systems;
see the derivation in Appendix A.
Furthermore, in the following sections, we assume a
six-sublattice vortex-type magnetic order as shown in
Fig. 3(a) in a mean-field form. We call it as the toroidal
magnetic order hereafter. Specifically, the mean field for
the toroidal magnetic order is given by
Ml = MT
(
− sin π
3
l, cos
π
3
l, 0
)
. (18)
MT is a measure of the mean field for the toroidal mag-
netic order, which is treated as a free parameter through-
out in this section, while it will be determined by solving
the self-consistent equations in Sec. IV. We note that a
similar magnetic pattern was indeed observed in the par-
tial ordered state below 20 K in an Uranium compound
UNi4B
36. We will remark on this point in Sec. V.
Since Dl plays a role of a local electric field and
Dl ⊥ Ml at each site, the toroidal magnetic order Ml
0
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FIG. 4. (Color online) Energy dispersion along the kz direc-
tion of the Hamiltonian in Eq. (16) with Eqs. (17) and (18)
for (a) D = 0, MT = 0, (b) D = 0, MT = 8, (c) D = 0.5,
MT = 0, and (d) D = 0.5, MT = 8. The dashed red lines in
(d) indicate the band bottoms in the kz direction.
must accompany a ferroic order of toroidal moments,
T ∝ Dl×Ml = (0, 0, DMT sin kz), as shown in Fig. 3(b).
In other words, even if a macroscopic polarization is ab-
sent, a spontaneous toroidal order can be realized by spe-
cific magnetic ordering with underlying local inversion
symmetry breaking.
C. Electronic structure
Let us first discuss the electronic structure of the model
in Eq. (16) with Eqs. (17) and (18). Figure 4 shows the
band structures in the kz direction from k = (0, 0,−π)
to (0, 0, π) for several values of D and MT .
Figure 4(a) shows the band structure in the param-
agnetic state (MT = 0) at D = 0, where both spatial-
inversion and time-reversal symmetries are preserved. In
this case, there are three bands; the top and bottom
bands are doubly degenerate each, while the middle one is
eightfold degenerate. When only the time-reversal sym-
metry is broken by the toroidal magnetic order MT 6= 0
at D = 0, the bands are split into two bunches depend-
ing on the spins parallel or antiparallel to the mean field
Ml. Each bunch consists of three bands, each of which
remains to be doubly degenerate due to the global in-
version symmetry: the band dispersions satisfy the re-
lation ǫσ(k) = ǫσ(−k). Meanwhile, when D is nonzero
representing local inversion symmetry breaking and the
system is in the paramagnetic state (MT = 0), the an-
6tisymmetric spin splitting of the bands occurs, as shown
in Fig. 4(c). Here, the time reversal symmetry ensures
ǫσ(k) = ǫ−σ(−k). It should be noted however that each
band is still doubly degenerate as the global inversion
symmetry remains: ǫσ(k) = ǫσ(−k). This is different
from the case with an ordinary antisymmetric spin-orbit
coupling such as the Rashba-type one where global inver-
sion symmetry is broken.
What happens when the system exhibits a toroidal or-
der, i.e., for MT 6= 0 and D 6= 0 ? In this case, both
spatial-inversion P and time-reversal T symmetries are
broken. Each band, however, retains twofold degener-
acy owing to the combined PT symmetry, which ensures
ǫσ(k) = ǫ−σ(k). However, there is no guarantee that the
energy at k is degenerate with that at −k. In fact, the
resultant band structure consists of six bands, doubly de-
generate each, with a shift of the band bottom from the
Γ point, as shown in Fig. 4(d).
The modulation of the bands with a shift of the band
bottom is understood in the single-chain limit as follows.
The Hamiltonian for the single chain is given by a simple
form of the 2× 2 matrix:
HMF1D =
( −2t coskz iD− +M−/2
−iD+ +M+/2 −2t coskz
)
, (19)
where D± = Dx± iDy andM± = Mx± iMy. Here,D =
(Dx, Dy, 0) and M = (Mx,My, 0). See also Eq. (A5) in
Appendix A. The energy spectrum of this Hamiltonian
is given by
ǫ(kz) = −2t coskz ±
√
D2 +M2/4− (D ×M)z . (20)
As D is proportional to sin kz [see Eq. (17)] and the last
term in the square roots is linear inD, a shift of the band
bottom occurs when D ×M 6= 0, which is proportional
to the toroidal magnetization.
The results indicate that the toroidal magnetization
acts as an effective gauge field for conduction electrons.
The shifted band structure, however, does not generate
spontaneous electric current in the equilibrium state due
to the gauge invariance30,37. The asymmetric band struc-
ture can be detected in principle by experiments, such as
the angle-resolved photo-emission spectroscopy. We ex-
pect that the peculiar band deformation may become the
origin of the nonlinear optical effect, such as a nonrecip-
rocal directional dichroism38.
We note that the system has a particle-hole symmetry.
Indeed, the Hamiltonian in Eq. (16) is unchanged by the
particle-hole transformation, (clσ, c
†
lσ)→ (−1)l (d†lσ , dlσ)
with the shift of kz by π andMl → −Ml. This symmetry
is also seen in the band structure in Fig. 4; the band
dispersions satisfy ǫσ(kz) = −ǫ−σ(π − kz).
D. Magnetotransport
We here discuss magnetotransport coefficients for the
model in Eq. (16) with Eqs. (17) and (18). We calculate
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FIG. 5. (Color online) Electron density dependence of the
Hall conductivity for (a) MT = 0 and (b) MT = 8. The data
are obtained at D = 0.5 in the magnetic field H = 0.5 applied
in the x direction. We take the broadening factor δ = 0.01
and temperature T = 0.1.
the conductivity tensor in terms of the current-current
correlation by the standard Kubo formula as
σµν =
e2
~
1
iV
∑
m,n,k
f(ǫnk)− f(ǫmk)
ǫnk − ǫmk
Jnmµ,kJ
mn
ν,k
ǫnk − ǫmk + iδ ,
(21)
where V is the system volume, f(ǫ) is the Fermi distribu-
tion function, Jnmµ,k = 〈nk|Jµ|mk〉 [Jµ is the current oper-
ator in the direction µ = (x, y, z)], and ǫmk and |mk〉 are
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FIG. 6. (Color online) Electron density dependence of (a) the toroidal-current correlation KT z and (b) the magnetization-
current correlation Kxy . The insets of (a) and (b) show their MT dependences at ne = 0.1. The data are obtained for D = 0.5,
δ = 0.01 and T = 0.1. Schematic pictures for the magnetoelectric responses are shown in the bottom panels. In each picture,
the left and right pictures show the alignment of the magnetic moments before and after the electric current is applied. In the
rightmost one, the arrow in the center of hexagon indicates a net uniform magnetization induced by the electric current.
the eigenvalue and eigenstate of HMF with the Zeeman
term (see below). Here, m and n are the band indices.
We take e2/h = 1 (e is the elementary charge and h is
the Planck constant), a broadening factor δ = 0.01 and
temperature T = 0.1. The summation of k is taken over
the folded Brillouin zone in magnetically ordered state.
Figure 5 shows the Hall conductivity σyz as a function
of the electron density ne = (1/N)
∑
iσ〈c†iσciσ〉, where N
is the total number of sites. The results are obtained for
D = 0.5 in a magnetic field applied in the x direction;
here, we added the Zeeman term HZ = −H
∑
i s
x
i to the
Hamiltonian HMF in Eq. (16). The results are symmet-
ric with respect to ne = 1 because of the particle-hole
symmetry discussed in the end of the previous section.
Figure 5(a) shows a Hall conductivity in the absence of
the toroidal magnetic order MT = 0. The sign and mag-
nitude of the Hall conductivity depends on the electron
density ne reflecting a nature of carriers near the Fermi
level. It is highly anisotropic; only the σyz(xz) component
becomes nonzero in the magnetic field applied in the x(y)
direction. This is a consequence of the presence of the
(site-dependent) antisymmetric spin-orbit coupling. In-
deed, σµν disappears if we takeD = 0. The toroidal mag-
netic order affects significantly the behavior of the Hall
conductivity as shown in Fig. 5(b) forMT = 8. Although
the anisotropy of σµν does not change in the presence of
MT , the Hall conductivity is strongly suppressed. As will
be shown in the next section,MT has strong temperature
dependence in the ordered state, and hence σµν should
exhibit strong suppression with decrease of temperature.
E. Magnetoelectric effect
Now let us discuss magnetoelectric effects in the
toroidal ordered state. We compute the linear re-
sponse function in terms of the correlation between the
(toroidal) magnetization and an electric current by elec-
tric field in the form
Kµν =
gµB
2
e
~
1
iV
∑
m,n,k
f(ǫnk)− f(ǫmk)
ǫnk − ǫmk
σnmµ,kJ
mn
ν,k
ǫnk − ǫmk + iδ ,
(22)
where σnmµ,k = 〈nk|σµ|mk〉. We take gµBe/2h = 1, D =
0.5, δ = 0.01, and T = 0.1. In the following, we discuss
two different types of magnetoelectric effects: one is the
toroidal magnetic response (µ = T ) to an electric current,
8and the other is the uniform magnetization (µ = x, y, z)
induced by an electric current.
1. Longitudinal toroidal magnetization by electric current
First, we focus on the toroidal magnetic response to an
electric current. Here, we consider σnm
T ,k in Eq. (22) as the
toroidal magnetic order in Eq. (18). Hence, for instance,
KT z is the coefficient for the toroidal magnetic order in-
duced by the electric current in the z direction. Among
KTµ, only KTz becomes nonzero, as will be discussed in
Sec. III E 3 and the table in Fig. 7.
Figure 6(a) shows KTz as a function of the electron
density ne. KT z becomes nonzero in the entire region of
ne except for the insulating cases at ne = 0, 1, and 2.
Note that KTz is antisymmetric with respect to ne = 1
because of the sign change of the magnetic moment in the
particle-hole transformation discussed in Sec. III C. The
result indicates that the toroidal magnetization can be in-
duced by the electric current in the z direction. This pro-
vides the possibility in experiments to align the toroidal
domains by cooling the system in a current flow perpen-
dicular to the planes.
Although the toroidal magnetic response shows com-
plicated behavior depending on both ne andMT , it tends
to be smaller for larger MT . This tendency is clearly
seen in the low and high density regions where the Fermi
surface has a simple shape. The inset of Fig. 6(a) dis-
plays the behavior of KT z at low density ne = 0.1 as a
function ofMT ; the toroidal magnetic response is largest
at MT = 0, and is suppressed as MT increases. This
susceptibility-like behavior suggests that KT z as a func-
tion of temperature becomes largest near the critical tem-
perature for the toroidal ordered state, as long as the
transition is of second order. Indeed, we will see such
behavior in the mean-field calculation in Sec. IVB.
We note that KT z substantially depends on the broad-
ening factor δ in Eq. (22). This indicates that this quan-
tity has a dominant contribution from the intraband com-
ponents with m = n in Eq. (22).
2. Transverse magnetization by electric current
Next, we discuss another magnetoelectric effect, the
transverse magnetic response to an electric current. Here,
we consider σnmµ,k with µ = x, y, z in Eq. (22). For in-
stance, Kxy is the coefficient for the uniform magneti-
zation in the x direction induced by the electric cur-
rent in the y direction. Among Kµν , only the trans-
verse components within the plane, i.e., Kxy and Kyx
become nonzero, and they satisfy the antisymmetric re-
lation Kxy = −Kyx deduced from Eq. (6); see also the
discussion for the table in Fig. 7 in Sec. III E 3.
Figure 6(b) shows the result of Kxy as a function of
the electron density ne. Similar to KT z in Fig. 6(a),
flux
fluxtoroidal
toroidal
any
toroidal flux
FIG. 7. (Color online) Summary of the magnetoelectric ef-
fects under toroidal or flux orders. In the table, “toroidal” and
“flux” indicate that by which the magnetism in the top row
is induced by the electric current in the left column. “Any”
represents paramagnetic or any magnetic ordered states in-
cluding the toroidal and flux orders. Schematic pictures of
the toroidal and flux orders are shown in the bottom; the
arrows indicate the magnetic moments.
Kxy shows a nonzero value in the entire region of ne, ex-
cept for the insulating cases at ne = 0, 1, and 2, and
it is antisymmetric with respect to ne = 1. The re-
sult indicates that a uniform magnetization can be in-
duced by an electric current when the toroidal order is
present (MT 6= 0). This is considered as a multiferroic
response in metals with simultaneous symmetry breaking
of spatial-inversion and time-reversal. Experimentally, a
nonzero value of Kxy = −Kyx is an indication of the
toroidal order.
The magnitude of the induced magnetization becomes
larger for largerMT , in contrast to the toroidal magnetic
response KT z in Fig. 6(a). Kxy = 0 for MT = 0 is
due to the presence of time-reversal symmetry, and Kxy
increases as increase of MT for small MT and it almost
saturates for largeMT , as shown in the inset of Fig. 6(b).
In contrast to KTz , Kxy weakly depends on δ, indicating
that a dominant contribution comes from the interband
components in Eq. (22).
3. Summary of magnetoelectric effects
We summarize the results of magnetoelectric effects
obtained for the model in Eq. (16) with Eqs. (17) and
(18). Figure 7 shows the table for the magnetoelectric
effects in terms of the applied electric current (in the left
column) and the resultant magnetic response (in the top
row). “Toroidal” or “flux” in the table represents the
9underlying magnetic order. Thus, the magnetoelectric
responses in the layered honeycomb lattice are classified
according to the applied current direction. This relation-
ship is essentially the same as in the insulating case, in
which the electric current is replaced by the electric field.
As shown in Sec. III E 1, an electric current in the
z direction induces the additional magnitude of the
toroidal magnetization to the underlying magnetic order
[Eq. (18)] with preserving the ordering pattern. This is
a natural consequence of the coupling between toroidal
moment and electric current in the second term in Eq. (4)
together with the relation,Ml ∝ Dl×T . As suggested by
the coupling term, this magnetoelectric effect is present
even in the absence of the toroidal order; in fact, the in-
duced magnetization is largest for MT = 0 [see the inset
of Fig. 6(a)].
On the contrary, by applying the current in the x (y)
direction in the toroidal ordered state, the uniform mag-
netization is induced perpendicular to the current direc-
tion within the plane, as shown in Sec. III E 2. This is
a transverse response of the magnetization to the elec-
tric current, described in the second relation in Eq. (7).
As suggested by the relation, this magnetoelectric effect
becomes nonzero only in the presence of the toroidal mag-
netization [see the inset of Fig. 6(b)]. Thus, the results
in the metallic state in our model are consistent with the
symmetry analysis in Sec. II. The systematic measure-
ments of these magnetoelectric effects will be useful for
a detection of toroidal orders in metals.
For comparison, we consider the case of a complemen-
tary magnetic order, a flux-type one, as shown in the
schematic picture in Fig. 7. This is the magnetic or-
der obtained by rotating the magnetic moments in the
toroidal ordered state by 90◦. Note that, in the flux
state, the magnetic moments are parallel to the antisym-
metric vectorDi at each site. Although both the spatial-
inversion and time-reversal symmetries are broken in this
flux state as well, the magnetoelectric response within the
xy plane appears in a complementary manner to that for
the toroidal ordered state, as shown in the table in Fig. 7;
instead of the transverse response in the toroidal case,
a longitudinal magnetization is induced by the in-plane
current. These are also consistent with the symmetry
analysis in Sec. II; the longitudinal response is described
by the pseudoscalar term in Eq. (6).
IV. MEAN-FIELD CALCULATIONS
In Sec. III, we simply assumed the toroidal order given
by Eq. (18) on the layered honeycomb lattice and dis-
cussed the resultant electronic state, transport proper-
ties, and magnetoelectric effects. Now, we examine when
and how such a ferroic toroidal ordered state is realized
in the effective single-band model. For that purpose, we
restore the Coulomb interaction for the mean-field term
in Eq. (16) in the form
H =− t
∑
〈i,j〉
∑
σ
(c†iσcjσ +H.c.)
+ 2
∑
i
(si ×Di)z + U
∑
i
c†i↑ci↑c
†
i↓ci↓. (23)
Here, we apply the standard Hartree-Fock approxima-
tion to the Coulomb U term by assuming the same six-
sublattice form of magnetic ordering as Dl but allowing
arbitrary magnetic pattern within the magnetic unit cell
(the magnetic moments are assumed to be within the
xy plane). We calculate the mean fields by taking the
sum over 643 grid points in the folded Brillouin zone. In
Sec. IVA, we elucidate the ground-state phase diagram.
Finite-temperature properties are discussed in Sec. IVB.
A. Ground state
FIG. 8. (Color online) Ground-state phase diagram of
the model in Eq. (23) on a layered honeycomb lattice ob-
tained by the mean-field calculations. The data are taken
at D = 3. Schematic pictures of the ordering patterns are
shown in the bottom panel. The arrows represent magnetic
moments. “Other MO” represents other complicated mag-
netically ordered states. Phase 1 corresponds to the toroidal
ordered state. There exists no flux-type orders.
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First, we examine the ground state of the model given
by Eq. (23) by changing U and the electron density ne.
Figure 8 shows the ground-state phase diagram obtained
by the mean-field calculations atD = 3. The result shows
that several magnetic states appear in the large U region.
Among them, the toroidal ordered phase is stabilized in
the low-density region. This is a metallic state with a
shifted band structure and shows the magnetoelectric ef-
fects as well as magnetotransport phenomena, as shown
in Sec. III.
B. Finite temperature
Next, we discuss the finite-temperature properties in
toroidal ordering within the mean-field approximation.
The parameters are taken at U = 40, D = 3, and ne =
0.05. Figure 9(a) shows the result for the magnitude of
the toroidal magnetic order parameter, mT = MT /(2U)
[see Eq. (18) and Fig. 3]. While increasing temperature,
mT decreases continuously to zero at the critical temper-
ature Tc ≃ 0.69; this signals the second-order transition
from the low-temperature toroidal ordered state to the
high-temperature paramagnetic state.
Figures 9(b) and 9(c) show the temperature depen-
dences of the magnetoelectric responses. We use the for-
mula in Eq. (22) with δ = 0.1. Figure 9(b) displays KT z.
The result shows that the magnitude of KTz becomes
largest at T ≃ Tc and rapidly decreases for lower tem-
perature after showing a kink at Tc [see also the inset
in Fig. 9(b)]. The behavior is consistent with that ex-
pected from the result of the ground state in the inset of
Fig. 6(a): KT z becomes largest atMT = 0 and decreases
as MT increases. From the result, we conclude that the
system exhibits a large toroidal magnetic response at and
slightly above the critical temperature. Note that sim-
ilar behavior was observed in the magnetoresistance in
the so-called double-exchange systems, such as perovskite
manganese oxides 39–42.
On the other hand, as shown in Fig. 9(c), −Kxy be-
haves like the order parameter mT ; it becomes nonzero
below Tc and grows rapidly as decreasing temperature.
This is also consistent with the expectation from the
ground-state calculation shown in the inset of Fig. 6(b).
V. SUMMARY AND CONCLUDING REMARKS
In summary, we have investigated the effect and sta-
bility of a toroidal order in metals on a lattice with-
out local inversion symmetry. We have introduced an
effective single-band Hubbard-type model with a site-
dependent antisymmetric spin-orbit coupling, while pre-
senting the detailed derivation from a minimal four-band
model. Considering an in-plane vortex-like magnetic or-
der which accommodates a ferroic toroidal order on a
stacked honeycomb lattice, we have studied the effect
of the toroidal order on the electronic structure, mag-
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FIG. 9. (Color online) Temperature dependence of (a) the
magnitude of the toroidal magnetic moments, mT , (b) KT z,
and (c) Kxy at U = 40, D = 3, and ne = 0.05. KT z in
a broader temperature range is shown in the inset of (b).
The shaded temperature region indicates the toroidal ordered
phase and the vertical dotted lines show the transition tem-
perature Tc.
netotransport, and magnetoelectric effects. We have ex-
plicitly shown in the microscopic model that (i) when
the toroidal order is realized, the bottom of the elec-
tronic bands shifts in the direction of the toroidal mag-
netization, (ii) the anisotropic Hall response appears due
to the site-dependent antisymmetric spin-orbit coupling,
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(iii) the system exhibits two different types of the mag-
netoelectric effects: the longitudinal toroidal magnetic
response to an electric current in the out-of-plane direc-
tion and a transverse uniform magnetization induces by
an electric current in the plane. We have also investi-
gated the stability of the toroidal ordered state in the ef-
fective model by the mean-field approximation. We have
shown that the toroidal ordered state is stabilized in the
strongly-correlated region at low electron density. We
have also examined the nature of the finite-temperature
phase transition for the toroidal ordering and the tem-
perature dependence of the magnetoelectric effects. We
have shown that the transition is continuous and that
the toroidal magnetic response is maximized around the
critical temperature, while the uniform magnetization in-
duced by current behaves like the toroidal order param-
eter.
Our results provide a reference for further exploration
of toroidal orders in metallic magnets. Our model in-
cludes the essential ingredients for toroidal ordering; the
atomic spin-orbit coupling, off-site hybridizations of dif-
ferent parity orbitals, odd-parity crystalline electric field
due to the local inversion symmetry breaking of the lat-
tice structure, and electron-electron correlations. A com-
plementary set of measurements of the electronic struc-
ture, magnetotransport, and magnetoelectric effects pre-
sented here will be useful for identifying the type of
toroidal orders. We have also mentioned the possibility
of magneto-optical effects, such as a nonreciprocal direc-
tional dichroism, and of alignment of toroidal domains
by cooling the system in an electric current.
The magnetically ordered state in UNi4B
36,43 could
be a candidate of the spontaneous toroidal ordering dis-
cussed in the present study. While the lattice structure of
this compound is a layered triangular lattice, the system
shows partial disorder which is the coexistence between
the magnetic order on the honeycomb subnetwork and
nonmagnetic sites below 20 K. Interestingly, the mag-
netic structure on the stacked honeycomb subnetwork is
of vortex-like, as displayed in Fig. 3. Namely, this com-
pound has the possibility to show the toroidal nature,
although the direction and magnitude of the underlying
antisymmetric vector Dl remain unknown. Moreover,
the electric structure and magnetoelectric effects are not
clarified yet, to the best of our knowledge. Further exper-
iments, such as the angle-resolved photoemission spec-
troscopy and the measurement of magnetoelectric tensor,
are desirable to examine the possibility of toroidal order-
ing in this compound. Nonlinear optical effect would be
interesting as well.
There are many other candidate materials in which
the lattice structure has local inversion symmetry break-
ing. For instance, in spinels, which consist a wide range
of compounds including both metals and insulators, the
spatial inversion symmetry is broken at the A site; the A
sites comprise a diamond lattice, and moreover, each A
site locates at the center of a ligand tetrahedron where
the local inversion symmetry is lost. It is desired to sys-
l=1
j=1/2
j=3/2
FIG. 10. (Color online) (a) Schematic energy diagram in the
derivation of the effective single-band model in Eq. (16) from
the four-band model in Eq. (8). The dashed circle represents
the energy levels considered in the effective single-band model.
tematically study such materials from the viewpoint of
toroidal ordering for further understanding of the exotic
electronic and magnetoelectric states.
Finally, let us discuss the possibility of a spontaneous
Hall response in the toroidal ordered state. We have
discussed the magnetotransport and magnetoelectric ef-
fects in the toroidal ordered state in Secs. III D and III E,
respectively. By combining these two effects, we de-
duce that the toroidal order induces an intrinsic Hall re-
sponse even in the absence of an external magnetic field.
Namely, for example, when we apply the electric field
in the y direction, the uniform magnetization is induced
in the x direction as shown in Sec. III E, which further
induces the electric current in the z direction via the
magnetotransport in Sec. III D. To clarify such an exotic
response, it is necessary to perform the analysis beyond
the linear response theory used in the present study. Such
study is left for future investigation.
ACKNOWLEDGMENTS
The authors thank T. Arima, H. Harima, J. Nasu, A.
Oyamada, and Y. Yanase for fruitful discussions. SH is
supported by Grant-in-Aid for JSPS Fellows. This work
was supported by Grants-in-Aid for Scientific Research
(No. 24340076), the Strategic Programs for Innovative
Research (SPIRE), MEXT, and the Computational Ma-
terials Science Initiative (CMSI), Japan.
Appendix A: Low-energy effective Hamiltonian for
the four-band model
In this Appendix, we present the derivation of the
single-band model in Eq. (16). It is derived as a
low-energy effective model for the four-band model in
Eq. (8)44. In the derivation, the four-band model is sim-
plified under the following three assumptions. First, we
consider a 3D system composed of uniform 1D chains
in the z direction. Namely, we ignore the hopping and
hybridization terms between the chains for a while. In
this 1D limit, from the symmetry, the nonzero matrix
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element in the hybridization term Hhyb is only V˜ pzij in
the z direction. We hereafter denote t˜αi,i±1 = −tα and
V˜ pzi,i±1 = ∓tspz for the nearest neighbors in the z direc-
tion. Note that the Fourier transform of V˜ pzi,i±1 is written
in the form
V pz = −2i tspz sinkz . (A1)
Second, we assume that magnetic moments lie in the
xy planes, which are stacked uniformly along the chain.
Finally, we take the limit of strong spin-orbit coupling
λ→∞. In this limit, the sixfold degeneracy in the p or-
bitals are split into j = 1/2 doublet and j = 3/2 quartet,
as shown in the middle of Fig. 10. We take into account
only the lower j = 1/2 levels. These three assumptions
reduce the Hamiltonian for a 1D chain into the form of
H1D =


ǫ˜s − 1√
3
V pz 12M˜
− 1√
3
D˜−
− 1√
3
V pz∗ ǫ˜p − λ − 1√
3
D˜− 16M˜
−
1
2M˜
+ − 1√
3
D˜+ ǫ˜s − 1√
3
V pz
1√
3
D˜+ 16M˜
+ − 1√
3
V pz∗ ǫ˜p − λ

 ,
(A2)
where ǫ˜s(kz) = E˜
s − 2ts cos kz , ǫ˜p(kz) = − 23 (tpx + tpy +
tpz ) cos kz, and D˜
± = D˜px ± iD˜py and M˜± = M˜x± iM˜y.
E˜s = t˜sii is the atomic energy level for the s orbital. Here,
we dropped the chain index i for simplicity. In Eq. (A2),
we take the basis (c˜†s↑, c˜
†
p+, c˜
†
s↓, c˜
†
p−), where
c˜p+ = − 1√
3
(
c˜px↓ + ic˜py↓ + c˜pz↑
)
, (A3)
c˜p− =
1√
3
(
c˜px↑ − ic˜py↑ − c˜pz↓
)
. (A4)
From Eq. (A2), we project out the lowest two levels af-
ter taking into account the hybridization between s and
j = 1/2 levels, V pz . Namely, we rewrite the Hamiltonian
matrix in Eq. (A2) in terms of the basis which diago-
nalizes the upper-left and lower-right 2×2 matrices in
Eq. (A2). In the new basis, we take into account only
the two lower-energy levels; the off-diagonal components
between these two levels give the effective antisymmetric
spin-orbit coupling and the electron-electron interaction
in a mean-field form. Thus, we end up with an effective
single-band model, whose Hamiltonian is given by
H1D =
∑
σ
ǫ(kz)c
†
σcσ + 2(s×D(kz))z −M(kz) · s,
(A5)
where (cσ, c
†
σ) is a new basis after considering the effect
of the hybridization, V pz , and s =
∑
σ,σ′ c
†
σ(σσσ′/2)c
′
σ.
σ is the quasispin distinguishing the two low-energy time-
reversal pair states. Here,
ǫ(kz) = ǫ˜+(kz)− E(kz) = ǫ(−kz), (A6)
D(kz) =
1√
3
t˜spz sin kz
E(kz)
D˜ = −D(−kz), (A7)
M(kz) =
2
3
[
1− 1
2
ǫ˜−(kz)
E(kz)
]
M˜ =M(−kz), (A8)
and
E(kz) = [(ǫ˜−(kz))2 + (t˜spz sinkz)2]1/2, (A9)
ǫ˜±(kz) =
1
2
[ǫ˜s(kz)± (ǫ˜p(kz)− λ)], (A10)
t˜spz =
2√
3
tspz . (A11)
We assume that D˜ = (D˜px , D˜py , 0) and M˜ =
(M˜x, M˜y, 0), which lie in the xy plane and are parallel to
D andM , respectively. It should be noted that the anti-
symmetric vector D(kz) in Eq. (A7) involves the off-site
hybridization tspz and the odd-parity crystalline electric
field D˜ under the assumption of the strong atomic spin-
orbit coupling.
Finally, we simplify the kz dependence in Eq. (A5) as
follows. For D(kz), hereafter we retain the most inter-
esting part, sin kz in the numerator, for simplicity. We
also drop all the kz dependence of M(kz). Examples of
the simplified forms of D and M are found in Eqs. (17)
and (18). For the dispersion in Eq. (A6), we replace it
by a simple form ǫ(kz) = −2t coskz with a renormalized
transfer integral t. These simplifications on Eq. (A5)
lead to the effective single-band Hamiltonian for a single
chain, HMF1D in Eq. (19). Finally, we obtain the effective
single-band Hamiltonian HMF in Eq. (16) by restoring
the hopping term in the xy plane neglected in the deriva-
tion.
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